In supersymmetric theories a eld can develop a vacuum expectation value M 10 3 GeV, even though its mass m is of order 10 2 to 10 3 GeV.
Introduction
There is at present a`standard model' of the Universe before nucleosynthesis, which is described in many reviews and several textbooks. According to this model, an early era of ination sets the initial conditions for a Hot Big Bang, which starts far above the critical temperature for the electroweak transition (T ' 100 GeV) and continues without interruption until the present matter dominated era begins.
This picture is pleasingly simple, but it is by no means mandatory in the context of current thinking about the fundamental interactions beyond the Standard Model. To be precise, it will not be valid if one or more scalar elds have a suciently large vev (vacuum expectation value) while at the same time having an almost at potential. The reason is that the particle species corresponding to the oscillation around such a v ev is typically both abundant and long lived, which modies the simple picture in a signicant and sometimes disasterous way. Extending an old terminology [1] , we shall call a scalar eld with a large vev and a at potential a`aton eld', or simply`aton'. 1 Although aton elds are by no means inevitable, they are natural in the context of modern particle theory and in our opinion their possible cosmological consequences should be taken very seriously. Some aspects of the cosmology of aton elds are already well known [1, 2, 3, 4, 5, 6, 7] , and in a recent note [8] we drew attention to a new feature which w e termed`thermal ination'. The present paper, along with two more in preparation [9, 10] , aims to give a systematic account of the subject.
Let us begin by being more precise about what is meant b y a`large' vev, and a potential which is`almost at'. These terms are dened with respect to the energy scale 10 2 to 10 3 GeV, which is the scale of supersymmetry breaking as dened by the masses of the supersymmetric partners of known particles [11] . The vev is dened as the position of the minimum of the potential, and a`large' vev M is one satisfying M 10 3 GeV. An`almost at' potential V is one whose curvature jV 00 j 1=2 is of order 10 2 to 10 3 GeV (except near any points of inexion) out to eld values much bigger than 10 3 GeV, and if the eld has a large vev this is supposed to be true out to at least the vev. For an almost at potential the particle mass m is therefore of order 10 2 to 10 3 GeV. F rom now o n w e drop the qualier`almost', referring simply to a at potential.
The most widely discussed aton candidates are the moduli occurring in superstring theory. The potential of a modulus is indeed at, and if its vev is nonzero it is typically of order the Planck scale M Pl = ( 8 G) 1=2 = 2 : 4 10 18 GeV. A modulus with such a v ev 2 is known to be fatal to the standard cosmology since 1 Note the etymology. The term`aton' refers to the at potential, not to ination. Conversely, the familiar word`inaton' refers to the eld which i s s l o wly rolling during ination. We shall also use the term`aton' to denote the particle species corresponding to a aton eld. 2 A eld with these properties occurred in the rst example [12] of a nonrenormalizable the corresponding particles are very abundant and do not decay before nucleosynthesis [13, 14, 15, 16, 17, 18] . As we shall see, the failure to decay before nucleosynthesis is likely to persist for any aton with a vev exceeding 10 14 GeV, making all such atons fatal to the standard cosmology [4] . Moduli are by no means the only aton candidates. On the contrary, any eld (in the observable sector) with a vev much bigger than 10 3 GeV is likely to have a at potential, and so to be a aton. The reason, as we discuss in detail below, is that it is natural to construct all available mass scales from just the two basic scales m and M Pl . Apart from the moduli, the most familiar examples of elds with nonzero vevs are those which are charged under a continuous symmetry, the vev then indicating a spontaneous breakdown of the symmetry. If the symmetry is local then the eld is by denition a higgs eld, and presumably the examples of this type occurring in nature (apart from the higgs elds breaking electroweak symmetry) are the higgs elds breaking the GUT symmetry, whose vevs are order 10 16 GeV. Alternatively the symmetry could be global, a likely candidate for this case being the Peccei-Quinn eld with a vev perhaps of order 10 11 GeV. On the other hand, it makes perfect sense for a eld to have a nonzero vev even if it is not charged under any continuous symmetry. F or example, a right-handed neutrino mass might be generated by a v ev, without lepton number being a good symmetry [19, 10] .
As mentioned already, moduli as well as any other atons with a vev bigger than 10 14 GeV are fatal to the standard cosmology. How are we to solve this moduli problem' if it exists?
The usual recipe for getting rid of unwanted relics in cosmology is to invoke an early epoch of ination, lasting at least 50 to 60 Hubble times or so. Such an era is also desirable for other reasons [20, 21] , one of which is that it can generate an adiabatic density perturbation of the right magnitude to explain the cosmic microwave background anisotropy and large scale structure. To do this the potential at the end of ination must satisfy V 1=4 < 10 16 GeV [22] , and the lowest value of V 1=4 that has been proposed in a plausible model is V 1=4 10 12 GeV [23, 24] .
Ination at such a high scale does not solve the moduli problem, because although it suciently dilutes moduli present before ination they are regenerated with an unacceptable abundance afterwards. We show in [8] , and in much more detail below, that to avoid excessive regeneration one requires 
where T R is the reheat temperature. An era of ination at such a l o w energy scale seems impossible to realize in the context of sensible particle physics, if it supersymmetry-breaking hidden sector, which contained a single complex eld. It was called the Polonyi eld, and the associated problem [13] w as called the Polonyi problem. Most of what we s a y concerning the moduli applies to any species with these properties.
is required also to produce the cosmological density perturbation. Randall and Thomas [16] therefore suggested that the density perturbation is produced by an era of ination at the usual high energy scale, while a second era of ination a t a l o w energy scale solves the moduli problem. However, even without the constraint of producing the density perturbation it is dicult to construct a model of ination giving a suciently low energy scale, within the usual paradigm where there is an inaton eld rolling slowly down the potential. The reason stems from the fact that a necessary condition for slow roll is that the inaton mass (or more precisely the curvature jV 00 j 1=2 evaluated while the eld is rolling) be much less than the Hubble parameter H ' V 1=2 =M Pl . The bound displayed in Eq. (1) corresponds to a very low mass < 10 MeV. The central purpose of this paper is to explore the fact that a aton eld can lead to a completely dierent t ype of ination, called thermal ination [8] , which can solve the moduli problem provided that the vev M is within one or two orders of magnitude of 10 12 GeV. During thermal ination the aton eld is held at the origin by nite temperature eects so that no eld is rolling. The potential during thermal ination is the value V 0 of the aton potential at the origin, which i s o f order m 2 M 2 . With M 10 12 GeV this gives V 1=4 0 10 7 GeV which can satisfy Eq. (1). Thermal ination starts when the thermal energy density falls below V 0 which corresponds to a temperature roughly V 1=4 0 , and it ends when the nite temperature becomes ineective at a temperature of order m, so the number of e-folds is 1 2 ln(M=m)10. It turns out that this can suciently dilute the moduli existing before thermal ination (especially if reheating after thermal ination is delayed) and it will not interfere with the density perturbation generated during ordinary ination. There is also the intriguing possibility that two or more bouts of thermal ination can occur in quick succession, allowing an even more ecient solution of the moduli problem.
The present paper and its two successors are complementary to recent papers by Dine, Randall and Thomas [18, 25] . The latter focus on elds with a at potential but zero vev. These elds too are liable to be oscillating in the early Universe and if they carry nonzero lepton or baryon number they can lead to baryogenesis (the Aeck-Dine mechanism). However baryogenesis in this way works only if there is no thermal ination, and that in turn is a viable possibility only if there is no moduli problem. The two sets of papers therefore represent mutually exclusive scenarios for the early Universe, and only time will tell which if either is correct.
The rest of this paper is divided into two main sections plus a concluding one. In Section 2 we study the eective potential expected for atons, both in the early Universe and in the present era when it reduces to the ordinary low energy eective potential. Special attention is paid to the case of moduli, which is dierent from that of other atons because the moduli potential vanishes if supersymmetry is unbroken. The aton decay rate is also estimated. The reheat process for homogeneous aton oscillations is considered, taking account of possible parametric resonance. In Section 3 a systematic account is given of the history of the Universe, assuming that thermal ination occurs and that there is a moduli problem. The concluding section summarizes the results, and points to future directions of research.
Flat potentials and atons
In a generic supersymmetric gauge theory there will be a large number of directions in the space of the complex scalar elds 3 in which the potential V is exactly at, before supersymmetry breaking and non-non-renormalizable terms are taken into account. (This is true, for example, in the Minimal Supersymmetric Standard Model.) After these eects are taken into account the potential is still almost at, in the sense that the energy scale jV 00 j 1=2 specifying the curvature of the potential is only of order 10 2 to 10 3 GeV, out to eld values many orders of magnitude bigger than this scale. In this paper we are interested in aton elds, which b y denition correspond to at directions with a nonzero vev. The central theme of this paper is that aton elds are cosmologically signicant, because they typically lead to thermal ination, and because they in any case oscillate homogeneously until a relatively late epoch.
A eld with a nonzero vev is by denition either a higgs eld or a gauge singlet. We will focus on the latter case in this paper, since a straightforward interpretation of the data indicate that the vev of the GUT higgs eld is of order 10 16 GeV which is too high to give viable thermal ination. Note, though, that in some GUT models there are additional higgs elds with much smaller vevs [26] .
The cosmology of a given aton eld is largely determined by the form of its eective potential. One needs to know both the low energy eective potential which is relevant at the present era, and the eective potential in the early Universe. Also, since the case of moduli is somewhat dierent from that of atons in general we treat the moduli in a separate subsection after the general discussion.
The low energy eective potential
Consider a complex aton eld . In the limit where the potential is absolutely at there is a global U(1) symmetry under the transformation ! e i , with an arbitrary choice for the origin of . In the full theory this symmetry may survive for one choice of the origin, at least to a good approximation, or it may b e s o badly broken as to be unrecognizable. 3 Each scalar eld is complex in supersymmetric theories because supersymmetry relates it to the two degrees of freedom associated with a left-or right-handed spin-half eld. In this paper we are assuming that the elds are canonically normalized in the regime of interest. (One cannot in general canonically normalize the elds exactly over an extended region of eld space.) Global U(1) symmetry
We begin by considering the case where the symmetry survives. Extensions of the Standard Model can indeed contain spontaneously broken global U(1) symmetries, a w ell known example being the Peccei-Quinn symmetry associated with the axion [27, 20, 21, 29, 28] . We initially suppose that the U(1) symmetry is exact. The potential then depends on only through jj, and assuming an eective theory that is valid right up to the Planck scale, the potential in the at direction is typically of the form
Pl jj 2n+4 (2) The jj 2 term comes from soft supersymmetry breaking, which means that m 0 10 2 to 10 3 GeV, and the higher order terms are non-renormalizable terms. The dimensionless couplings n are at most of order 1, if the theory is indeed valid up to the Planck scale.
The crucial feature of this potential, which distinguishes it from the potential of a generic eld and makes it at, is the absence of a term jj 4 with 1. It is possible for such a term to be forbidden completely by discrete or continuous gauge symmetries, in combination with supersymmetry. Alternatively it might be allowed, but with a suppressed coupling (m=M Pl ) 2 . In that case it is negligible for aton elds which are not moduli and we h a v e lost nothing by omitting it from Eq. (2). (The case of moduli will be discussed in a moment, and in more detail in Section 2. (7) Rather than the non-renormalizable terms being suppressed by the Planck scale, they might be generated by i n tegrating out particles with GUT scale masses and so instead be suppressed by M GUT ' 2 10 16 GeV. This would correspond to taking n < (M Pl =M GUT ) 2n and would give the somewhat looser lower bound M > 10 9 GeV.
We noted a moment ago that in Eq. (2) the jj 4 term is either absent, or else it has a coupling (m=M Pl ) 2 which is many orders of magnitude less than 1.
It may happen that the same is true of one or more further terms. But for a aton which is not a modulus one expects to nd, at not too high order, a term whose coupling n is not many orders of magnitude less than 1. As a result, one expects the vev of aton which is not a modulus to be several orders of magnitude below M Pl . By contrast one expects for a modulus that all couplings are strongly suppressed, because the potential of a modulus vanishes exactly when supersymmetry is unbroken. A natural order of magnitude for the couplings of a modulus is (m=M Pl ) 2 making the vev of order M Pl , though there are other possibilities. We shall discuss moduli in more detail in Section 2.5.
The at potential Eq. (2) is not at all what cosmologists generally assume when they consider spontaneous symmetry-breaking in the early Universe. Rather they assume, as for instance in the textbooks [20, 21, 30] and the reviews [31, 27] So far we h a v e taken the U(1) symmetry to be exact, so that the goldstone boson corresponding to the angular direction is massless. If the symmetry is broken the goldstone boson will acquire a mass. This mass is by denition much less than that of the aton if the symmetry is only slightly broken. On the other hand, as we n o w discuss the symmetry may be strongly broken which means that the would-be goldstone boson becomes just another aton particle. 4 The mass-squared of the aton particle is 1 2 V 00 (M) because the canonically normalized complex eld jj is related to the canonically normalized real aton particle eld by jj= M+= p 2. 5 In the case of the Standard Model is a doublet and the symmetry is SU(2) but this is an irrelevant complication for our purpose.
No U(1) symmetry As a simple example, consider the superpotential W = ( =4M Pl ) 4 Pl . I n a given vacuum there are now t w o particles with mass 10 2 to 10 3 GeV; one of them is the one corresponding to the radial oscillation that we considered before, and the other is the would-be goldstone boson corresponding to the angular oscillation.
We shall generally refer to them both as atons. Note that in the regime jj M the U (1) symmetry is approximately restored, since the term m 2 0 jj 2 dominates.
The Z 4 symmetry surviving in this example has ensured that there are no linear terms in the expansion of about the origin, and this feature will become crucial when we consider the eective potential in the early Universe. Of course any Z n symmetry will do for this purpose, and it does not need to be exact.
In our discussion m 2 0 has been taken to be negative. If it is positive the potential has a minimum at the origin. If this is also the position of the vev (ie., if it is the absolute minimum) then the eld is not a aton and does not concern us. It can however happen, as for instance in the model of [32] , that the origin corresponds to a false vacuum, with higher order terms generating a large vev so that we are dealing with a aton. Thermal ination with such a aton is viable only if tunneling to the true vacuum is rapid, which i s t ypically not the case.
For simplicity w e shall from now o n m a k e frequent use of the notation appropriate to the case where there is a U(1), writing the potential as a function only of jj and using m to denote the mass of the aton particle.
The aton decay rate
There is a general expectation that a aton particle corresponding to oscillations around a vev M will couple only weakly to particles with mass much less than M. In particular, one expects [1, 2, 3, 5, 6, 7, 8] that the aton decay rate is at most of order m 3 =M 2 .
Consider rst the decay i n to a pair of identical spin zero particles which correspond to a real eld , with the renormalizable eective i n teraction jj 2 2 .
Setting jj equal to its vev this interaction gives a contribution 2M 2 to the mass-squared m 2 . Barring a precise cancellation, 6 (12) Maximizing this expression subject to the constraint Eq. (11) gives
This eective i n teraction with a coupling of order (m=M) 2 is quite natural. For instance an interaction jj 2 X 2 might give some eld X a mass of order M, and then an interaction 2 X 2 would generate it through the diagram with a single X loop.
For an eective i n teraction involving more powers of the elds and/or derivatives the arguments are generally less precise, but one expects suppression because such terms are non-renormalizable and therefore involve i n v erse powers of some scaleM which is presumably at least of order M. Consider for instance a term involving one power of and two o f , with 2n derivatives. Its coecient i s expected to be at most of order 0 M 2n with 0 M, and since the energy of all particles is of order m (in the rest frame) this gives the decay rate Eq. (12) with (m=M) 2n . F or n > 1 this is much smaller than the upper limit Eq. (11), but for n = 1 it is bigger by a factor (m=m ) 2 leading to (8) The decay i n to goldstone bosons A denite example of a derivative coupling is provided by the decay of the`radial' aton into the`angular' aton, or goldstone boson. Near the vev, the canonically normalized radial eld s and angular eld a are dened by
Expanding the canonical kinetic term L kin = @ @ to rst order in s, one nds the canonical kinetic terms for s and a plus an interaction term
The coecient is of the advertised form 0 =M 2 , with 0 = M= p 2.
The goldstone bosons produced by this coupling can be cosmologically dangerous, because their interaction can be too weak to thermalize them. This will be discussed in connection with the axion in [9] (see also [28] ).
The aton freeze-out temperature Though we h a v e focussed on the decay rate, similar considerations apply to collision rates. The rates for collisions involving a aton and other light particles are suppressed at energies well below M, and therefore the freeze-out temperature below which aton particles cease to be in thermal equilibrium is very roughly of order M. Note that this applies only in the true vacuum, where the aton eld is oscillating about the vev.
The eective potential in the early Universe
In the early Universe, the interaction of a given eld with other elds will alter the eective potential of that eld, and in particular the eective aton potential V () will be altered.
We should rst clarify what is meant b y the`eective potential V ()'. There is in reality a single eective potential V ( ; ; : : : ), which is a function of all the scalar elds. It is natural to dene the eective potential of any individual eld as the full potential with all other elds held at their vevs, and this is the denition that we had in mind for the low energy eective potential V (). However in the early Universe all suciently light scalar elds are signicantly displaced from their vev, either homogeneously in the manner we h a v e been discussing for atons, or inhomogeneously as for instance if the eld is in thermal equilibrium. Instead of evaluating the full eective potential V ( ; ; : : : ) with the other elds at their vevs one should set them equal to their current time-averaged values, so that for instance a term 2 2 is replaced by h 2 i 2 . In addition, the actual form of the full eective potential is aected by the presence of particles with nonzero spin so that the eective potential V early ( ; ; : : : ) in the early Universe is dierent from the low energy eective potential V low ( ; ; : : : ) which applies at present. For both of these reasons, the eective potential V early () in the early Universe is dierent from the low energy eective potential V low () which applies at present.
Although the form of the eective potential V () c hanges with the history of the Universe, its gradient will always vanish at the origin provided that it is invariant under at least a Z n symmetry. This tends to be at least approximately true in simple models, and we shall take it for granted in what follows. Let us pause briey though to see why such a symmetry is common. If the full potential V ( ; ; : : : ) is expanded as a power series in all of the elds each individual term will be invariant under one or more Z n symmetries unless it consists of just the rst power of one eld. For instance the term 2 2 is invariant under a Z 2 acting on , and another acting on . As we discussed in Section 2.1, only a few leading terms will be important in practice, so it is reasonable that one or more Z n symmetries will be approximately present in the full potential. Then the question of whether or not the potential V () of an individual eld possesses an approximate Z n symmetry depends on the form of the full potential, but again this is not unreasonable.
Taking it for granted that the gradient o f V ( ) v anishes at the origin, let us ask what is the eective mass-squared V 00 (0) in the early Universe. (We continue to assume for simplicity that there is a U(1) symmetry, so that V is a function only of jj.)
First consider the era of ordinary ination. It has been known for some time [33, 5, 24] that by looking at the form of the full potential predicted by N = 1 supergravity one can identify contributions of order H 2 to the mass-squared of every eld. For the inaton eld(s) these contributions have to cancel because otherwise ination will not occur, but for a generic eld one does not expect a cancellation. Assuming that atons are not inatons, the conclusion is that their mass-squared during ination is (at least) of order H 2 .
After ination it is not so clear what the mass-squared will be. In the extreme case where the interaction is of only gravitational strength one can reasonably expect a contribution of the same order of magnitude, H 2 [18] . We noted earlier that in the true vacuum, the interaction of aton particles with other light particles are suppressed, so one at rst sight expects something like this estimate to hold for a aton eld. However, that suppression occurs because the vev of the aton eld is large (the aton particles correspond to small oscillations around the vev). Near the origin the aton eld can have unsuppressed interactions with light elds.
To see why, take as an example the interaction 1 2 jj 2 2 that we considered earlier. When is at its vev this gives a contribution M 2 to m 2 . Barring cancellations, must therefore be small if m is small. But suppose that in contrast m is of order M and is generated by this interaction. Then there is a coupling 1, and for aton eld values near the origin the eld becomes light.
The result is that near the origin the aton eld has an unsuppressed interaction with the light eld .
If is a higgs eld, charged by denition under a gauge symmetry, a coupling of this kind to at least the gauge bosons and gauginos is inevitable. In the case where is neutral under all gauge symmetries, which is our focus here, such a coupling is not inevitable but it is still quite natural; for instance, in models of the kind discussed in [19, 10, 9] a aton eld couples in this way to the right handed neutrino and sneutrino.
Assuming that the aton eld near the origin indeed has unsuppressed interactions with one or more particle species having eective mass of order jj, it will be in thermal equilibrium in the regime jj < T. (The upper limit comes from the fact that at a given temperature particles with mass bigger than T become too rare too maintain thermal equilibrium.) The nite temperature correction to the eective potential gives the aton an eective mass-squared [1, 34] of order (T 2 m 2 0 ), which gives the eective potential a local minimum at the origin for T bigger than some critical temperature T C m 0 m. (As usual, m 2 0 denotes the eective zero-temperature mass-squared at the origin, and m denotes the aton particle mass which is the parameter we normally focus on. Recall that both m 0 and m are of order 10 2 to 10 3 GeV.)
In addition to the local minimum at the origin, the eective potential retains its true minimum at = M except at very high temperatures T > M, but there is no signicant tunneling between the two [1, 34] .
To summarize this discussion, the mass-squared of a aton eld in the early
Universe is expected to receive a minimal contribution of order H 2 . But if it is in thermal equilibrium at temperature T, this contribution may b e s w amped in the regime jj < T by a thermal contribution, which gives a mass-squared at the origin that is necessarily positive and of order T 2 (M Pl =H)H 2 .
These are the most important possibilities for the eective mass-squared but there are others. For instance, in hybrid ination [23] a non-inaton eld with nonzero vev is held at the origin by a coupling 2 2 inf to the inaton eld inf .
The cosmology of elds with at potentials
In the light of what we h a v e done so far there are the following four possibilities for the cosmology of a eld with a at potential.
(i) The eld sits at the origin. If the minimum of the potential is at the origin throughout the history of the Universe then the eld will sit there apart from thermal and quantum uctuations. In that case it does not undergo homogeneous oscillations in the early Universe, and we are not concerned with it here. It will in general have unsuppressed interactions (at least if it is not a modulus) and the corresponding particle species will be produced through particle collisions and decays involving these interactions.
(ii) The eld oscillates about the origin. Now suppose that although the minimum of the low energy eective potential is at the origin, the minimum in the early Universe is displaced because there is a negative mass-squared of order H 2 .
In that case the eld will start to oscillate about the origin at the epoch H m.
The oscillation is generally short lived, because the particles corresponding to it
(iii) Thermal ination occurs. In the two remaining cases the vev is nonzero, so that we are dealing by denition with a aton eld. Thermal ination, which i s the focus of the present paper, occurs if the aton eld is held at zero in the early Universe by the nite temperature. It ends when the temperature falls to some critical value T c m (provided that the zero-temperature eective potential has no barrier separating the origin from the vev), after which the aton eld starts to oscillate about the vev. The oscillation around the vev might persist for a long time because the coupling of aton particles to other light particles is suppressed (Section 2.2, and Section 2.6 below).
(iv) Flatons not leading to thermal ination. In the fourth case the aton eld fails to be held at the origin by the nite temperature of the early Universe.
This will occur if the aton has an eective mass-squared H 2 which prevents it from ever being near the origin. It will also occur whatever the sign of the masssquared, if the interaction of the aton eld is suppressed even near the origin. When H falls to a value of order the aton mass m, the eld starts to oscillate about the vev, with an initial amplitude of order M. (The initial amplitude is equal to M if the initial eld value is at the origin. If the eld is displaced from the origin by a mass-squared of order H 2 , its value is typically of order M when the eld starts to oscillate.) As in the previous case the oscillation might last for a long time.
The moduli potential
What we h a v e done so far, including the summary of the last subsection, applies in essence to all aton elds including any which are moduli. On the other hand, moduli do have some properties which distinguish them from other scalar elds (`matter elds') and as a result the general discussion acquires a somewhat dierent a v our when applied to them. The low energy eective potential of a modulus vanishes exactly if supersymmetry is unbroken. After supersymmetry breaking its potential is generally thought to be at, so that its curvature jV 00 j 1=2 is everywhere of order 10 2 to 10 3 GeV (except near points of inexion). If a modulus has a nonzero vev, then as we discuss in a moment its vev is generally expected to be of order M Pl . T o a large extent its properties can then be obtained simply by setting M = M Pl in formulas that apply to atons in general, but there are some special features. These arise because one is forced to consider eld variations of order M Pl , i n contrast with matter elds where one need only consider much smaller variations (typically of order the vev M M Pl for a aton eld which is not a modulus).
In
origin, such that the symmetry group consists of linear operators in eld space. For moduli the symmetries are more complicated, and there are in general an innite number of xed points with a separation of order M Pl (though only a nite number are physically distinct because the symmetry is a discrete gauge symmetry). If the vev of a modulus is at a xed point it is natural to say that it vanishes, and otherwise it is natural to dene the vev as the distance to the nearest xed point. These are the conventions that we h a v e had in mind, without explicitly stating them. The statement that the vev of some modulus is of order M Pl just means that it is not close to any particular xed point. As with other elds, a modulus can have unsuppressed interactions with other light elds only if it is close to a xed point.
Each of the four possibilities for the cosmology of a aton eld listed in the last subsection exists for a modulus. If possibility (i) holds for all moduli then there is no moduli problem. Assuming that this is not the case, let us look at the expected form of the eective potential of a modulus . For simplicity w e will pretend that is real, and take it to be canonically normalized. Before supersymmetry breaking is taken into account the potential V () vanishes. With the breaking taken into account the potential in the true vacuum (the low energy potential) is generally thought to be of the form
Here the supersymmetry breaking scale M S is related to the scale m 10 2 to 10 3 GeV by M S (mM Pl ) 1=2 10 10 to 10 11 GeV, and f(x) is a function whose value and low order derivatives are typically of order 1 in the regime jxj < 1. We have expanded the potential about its vev 1 . Note that the potential vanishes in the limit M S ! 0 o f u n broken supersymmetry, in accordance with the fact that we are dealing with a modulus.
In the early Universe there will be additional supersymmetry breaking because of the nonzero energy density , leading to an additional contribution to the potential of the form [33, 24, 18] V cosm = g M Pl = 2 H 2 ( 2 ) 2 + : : :
The function g(x) has value and low order derivatives of order 1 (making 1).
The minimum of this potential is located at a dierent v alue 2 , which is displaced from the true vev 1 by a distance 0 = 2 1 M Pl .
We h a v e in mind the case where both 1 and 2 are nonzero (case (iv) of the last subsection) and of order M Pl . I f 2 = 0 but 1 6 = 0 (case (iii)) there is also a moduli problem, but it might be rendered insoluble by domain walls (though in analyzing this possibility within a given model one will have to remember that the discrete symmetries under which the moduli transform are gauge symmetries). If 1 = 0 but 2 6 = 0 (case (ii)) there is no moduli problem if the relevant moduli have unsuppressed couplings near the origin. Although Eq. (16) is the simplest possibility for the potential of a modulus there are others, which could lead to a vev below the Planck scale. For example, if supersymmetry breaking is due to hidden sector gaugino condensation then the moduli potential might include terms of the form n jj m+4 =M n+m Pl where is related to vevs arising from gaugino condensation. These terms still vanish when supersymmetry is unbroken, as is required for a modulus, but they might generate a v ev below the Planck scale. For example the GUT Higgs could be a Wilson line modulus, with a vev of order 10 16 GeV generated in this way [35] . In considering the moduli problem we assume in this paper that at least some moduli have a v ev of order M Pl .
The aton reheat temperature
Let us quantify the statement that the aton eld oscillations in the early Universe last for a long time.
The oscillation of a aton eld with vev M has initial amplitude 0 M. The corresponding energy density i s 1 2 m 2 2 0 , and the number density of the aton particles is n 1 2 m 2 0 . These particles have no random motion because the eld is homogeneous, so they constitute matter as opposed to radiation. If the aton is associated with thermal ination, the oscillation commences after thermal ination and immediately dominates the energy density. If not, the oscillation commences at the earlier epoch H m, and may o r m a y not come to dominate the energy density.
If the oscillation amplitude decreased like a 3=2 , where a is the scale factor of the Universe, then the energy per comoving volume of the aton eld would be conserved. In fact, the energy drains away through the interactions of the aton eld so that the oscillation amplitude decreases faster.
If the oscillation amplitude is suciently small and the interactions are suciently weak, each aton particle decays independently so that the rate at which the energy drains away is simply the particle decay rate . It has practically all disappeared soon after the time 1 where g 10 2 is the eective n umber of species at T = T D . 7 As usual we use the term`reheating' to denote the thermalization of energy density, e v en though the energy density has not previously been in thermal equilibrium. As has been discussed recently in connection with ordinary ination, the assumption that each aton particle decays independently need not be correct [36, 37, 38, 39, 40] . Instead, parametric resonance eects can drain away m uch o f the oscillation energy as soon as the oscillation starts, leaving behind only some fraction to decay at the single particle decay rate. The energy lost by the aton oscillation goes initially into the creation of marginally relativistic scalar particles (and perhaps also spin-one particles, though this eect has not been investigated; fermion production is insignicant because of Pauli blocking). The created particles may thermalize promptly so that they are replaced by highly relativistic particles. In that case their energy density will redshift away slowly, dominating until the temperature has fallen by a factor 1 .
If the created particles do not thermalize then they quickly become nonrelativistic so that the energy density is again dominated by the oscillation of one or more homogeneous scalar elds (the original aton typically being one of them). We do not consider that case in the present paper.
Using the results of [38] we w ould estimate m 3 (These equations are of course only supposed to be valid if they give < 1.) However as this is probably an over-estimate [37, 39] we take it only as a lower bound. In terms of the decay temperature T D the range of that we consider is therefore m 3 
(21) 7 The following results will be used without comment in the text. The entropy density o f radiation at temperature T is s = ( 4 = 3)=T = ( 2 2 = 45)g T 3 = 1 : 01g 1=4 3=4 , where g (T ) is the eective n umber of particle species in thermal equilibrium, and = ( 2 = 30)g T 4 is the energy density. As the Universe expands the scale factor a increases. The energy density in relativistic particles (radiation) is proportional to a 4 and that in non-relativistic particles is proportional to a 3 . In thermal equilibrium the entropy a 3 s in a comoving volume is constant and so is g According to Eq. (20) , parametric resonance is not likely to be signicant i f M > 10 16 GeV. In particular it will not be signicant for moduli. For smaller M parametric resonance may w ell be important initially, and may convert most of the aton energy into thermalized radiation, but even then the residual aton oscillation may again come to dominate the energy density before it decays, leading again to a low reheat temperature T D given by Eq. (19) .
If T D is indeed the reheat temperature, the requirement that it be not too low places strong restrictions on M. In order not to upset nucleosynthesis one must have T D > 10 MeV, which requires M < 10 14 GeV (taking m < 10 3 GeV). 8 However, if supersymmetry respects an R parity as is usually supposed, there is a stable LSP which imposes a much stronger constraint. Indeed, to bring the LSP into thermal equilibrium so that it is not over-produced (and can naturally have the correct abundance to be the dark matter), one needs T D substantially in excess of the LSP decoupling temperature which is of order 1 GeV. Thus one needs M < 10 12 GeV. Finally, one might wish to generate baryon number through the electroweak transition which w ould require T D > 100 GeV corresponding to M < 10 10 GeV. In view of the fact that these limits are perhaps rather conservative (since one expects to be signicantly less than 1, and does not anticipate m as high as 10 3 GeV) this last requirement is hardly likely to be satised, but other baryogenesis mechanisms exist as discussed in [10] .
Cosmology with thermal ination
We n o w give a systematic account of the history of the early Universe in the case where there is thermal ination. We assume that there is a moduli problem because this provides the strongest motivation for thermal ination, and assume that at least some of the moduli have a v ev of order M Pl . W e also assume that any radiation produced by parametric resonance promptly thermalizes. With these assumptions there are the following eras which w e shall consider in turn.
1. Ordinary ination. 2. Matter domination by the homogeneous oscillation of the inaton (unless full reheating occurs promptly). 3. Full reheating, which leads to radiation domination if it occurs before the moduli start to oscillate. 8 In [8] we estimated M < 10 16 GeV. The extra factor 100 came from three dierent sources.
First we used the very naive estimate m 3 =M 2 , corresponding to 1=2 = 10. Second, we set g 1=2 = 1 where as the true value is more like 1 0 1 = 2 . Third, we rounded up our estimate of T D to the nearest power of ten which meant m ultiplying it by of order 10 1=2 . It so happened that each of these approximations went the same way to give the factor 100. 4 . Homogeneous oscillation of the moduli, starting at the epoch H m . I f reheating has previously occurred there is now matter domination by the moduli. If it has not occurred the moduli and inaton matter densities are roughly comparable, and remain so until full reheating (of the inaton matter). We assume that full reheating takes place before the beginning of thermal ination. 5. Thermal ination. 6. Matter domination by the homogeneous oscillation of the aton eld which caused thermal ination (unless reheating occurs promptly). 7. Full reheating of the aton matter, leading to radiation domination before nucleosynthesis after which the history of the Universe is the standard one.
Before thermal ination
One expects the Universe to start with an era of ordinary ination [20, 21] , whether or not there is a later epoch of thermal ination. During this era, the energy density is dominated by the potential V of the scalar elds, with all except the inaton eld (or elds) xed. The inaton eld slowly rolls down the potential, because in its direction the atness conditions jM Pl V 0 =V j 1 and jV 00 j H 2 are satised [20, 21] . We noted earlier that in the context of supergravity the second of these conditions requires cancellations. Although these might be accidental it is attractive to suppose that they occur by virtue of some symmetry. One suitable symmetry (most easily implemented in the context of hybrid ination [23] ) was suggested in [24, 41, 42] and another has been proposed in [43] . A third possibility i s t o i n v oke a global U(1) symmetry as in [44] , but this is problematical because the inaton potential vanishes in the limit where the symmetry is exact so that the magnitude of V 00 is dicult to control. 9 To a v oid generating too much large scale cmb anisotropy the potential at the end of ordinary ination must satisfy [22] V 1=4 < 10 16 GeV (22) At some epoch after ordinary ination`reheating' occurs, which b y denition means that practically all of the energy density thermalizes (except for the contribution of moduli). If reheating is prompt the reheat temperature is T R (V= g ) 1 = 4 . A naive estimate of the time taken for reheat would be that it is 9 An alternative idea [45] is to suppose that the potential is exactly at (or at least much atter than that of the inaton eld) in the direction of at least one eld, say a modulus, which couples to the inaton. The inaton potential then depends on the value of this eld, which will vary from place to place in the Universe allowing the possibility that we live in a region where the inaton potential happens to be suciently at. But this just pushes back to another level the problem of nding cancellations which k eep the potential at in some direction.
the decay time of a single inaton particle, which t ypically leads to a much l o w er reheat temperature. However prompt conversion of a large fraction of the energy density i n to marginally relativistic particles is likely. In the commonly discussed case where ination ends with the oscillation of a homogeneous inaton eld this is expected to occur through the parametric resonance eect that we considered already for the case of thermal ination. It is also expected to occur in the case of hybrid ination though a quantitative account of this case has not yet been given, and will be more complicated because spatial gradients are probably important from the beginning [24] . As we discussed earlier these marginally relativistic particles may then thermalize promptly leading to full or partial reheating. 10 Moduli (more precisely, those moduli if any which are atons with M M Pl ) are produced both before and after thermal ination, and we shall call the moduli from these sources respectively big bang moduli and thermal ination moduli.
When H m the modulus' potential is given by Eq. (17), so that is shifted from its true vacuum value by 0 = 2 1 M Pl . 2 will depend on the composition of the Universe and so 0 will change at any phase transitions, such as the end of ination, but will rapidly settle down to its new minimum as it is critically damped. However, at the epoch H m it starts to oscillate about the minimum of its low energy eective potential, and after H has fallen signicantly below m , the oscillations will no longer be critically damped and so are much more dangerous.
During thermal ination H m , so the eective potential is dominated by V true but V cosm still gives a small contribution, so the position of the minimum is shifted slightly from the true vacuum value. Oversimplifying a bit, we can estimate the shift by adding together V true and V cosm which gives V = 1 2 m 2 ( 1 ) 2 + 2 H 2 ( 2 ) 2 + : : : (25) where = 1 is the displacement of from its vev. In the last line is of order 1, so the minimum of the modulus' potential is shifted during thermal ination by an amount of order (H=m ) 2 M Pl [8] .
To estimate roughly the abundance of big bang moduli, we can assume that the modulus eld starts to oscillate about its vev when H m with amplitude of order 0 M Pl . The energy density m 2 2 0 =2 is of order the total energy density. If reheating has already occurred one can crudely set the radiation energy density equal to the total energy density which leads to the estimate n s 2 0 10M 3=2 Pl m 1=2 (26) (In this expression s is the entropy density, and we are using the standard results summarized in the footnote after Eq. (19).) If reheating occurs later the moduli energy density is a xed fraction of the total until reheating, and again setting the radiation density equal to the total density after reheating one nds n
Pl m (27) It is described in the Appendix how a more sophisticated calculation leads to the same results. We shall assume that full reheating occurs before the onset of thermal ination (except for the contribution of moduli). If thermal ination ends before reheating then its eciency is severely reduced, and reheating during thermal ination is somewhat unlikely because of its short duration.
These estimates for the moduli apply to any aton not giving rise to thermal ination (option (iv) of Section 2.4), if 0 is replaced by M.
Thermal Ination
Thermal ination will occur if one or more of the aton elds is trapped at the origin in the early Universe. For the moment w e suppose that only one is trapped.
The trapping may initially be due to a non-thermal contribution to the masssquared of order H 2 , but after the epoch H m we need a thermal contribution of order T 2 > m 2 . If full reheating has already occurred at the epoch H m such a thermal contribution is automatic (provided that the aton eld near the origin has unsuppressed couplings). Otherwise we h a v e to rely on partial reheating immediately after the end of ordinary ination, but the fraction of energy that we require to have thermalized then is very small. With our assumption that full reheating anyway occurs before the beginning of thermal ination the required fraction is only At the other extreme where reheating occurs before the moduli start to oscillate, the temperature at the beginning of thermal ination is reduced by a factor (M=M Pl ) 1=6 . During thermal ination T / exp( Ht) and it ends at T = T C m, so there are at most of order 1 2 ln(M=m) 10 e-folds of thermal ination. This will not much aect the cosmological density perturbation generated about 50 e-folds before the beginning of ordinary ination, though there might be a slight change in the spectral index.
Entropy production after thermal ination
After thermal ination ends, relic radiation from the rst hot big bang plays no further role. The aton eld now starts to oscillate around its vev with initial amplitude M, corresponding to non-relativistic atons (matter) which dominate the energy density.
The decay of the aton eld generates entropy. If there is no parametric resonance the entropy per comoving volume increases linearly from the end of thermal ination until the aton decays, leading to an increase in the entropy b y a factor
Now suppose instead that there is parametric resonance which promptly thermalizes a substantial fraction of the energy density, leaving a fraction in the atons. This will increase the entropy b y a factor . This is the regime in which the aton oscillation fails to dominate the energy density before it disappears at the epoch T = T D . In it D is practically equal to 1, and = PR has the -independent v alue given by Eq. (31).
We shall not consider the case where parametric resonance creates radiation which fails to thermalize, and hence quickly reverts to matter in the form of homogeneously oscillating scalar elds.
Solving the moduli problem with single thermal ination
In order not to upset nucleosynthesis, the moduli abundance n =s must be less than 10 12 to 10 15 when nucleosynthesis begins [46] . Let us see what is required to satisfy this bound, rst for the big bang moduli and then for the moduli produced after thermal ination. We can assume that the aton oscillation comes to dominate the energy density, because the assumption can be shown to be valid in the regime of parameter space satisfying the nucleosynthesis bound on the moduli abundance and to lead to an overestimate of the moduli abundance outside this regime. As a result we can use Eq. (36) , and combining it with Eq. (27) 
In these formulas H R is to be considered as being in the range m (M=M Pl ) < H R < m . The lower limit comes from our assumption that full reheating after ordinary ination occurs before the beginning of thermal ination, and if H R actually exceeds the upper limit the above formulas give the correct result when it is set equal to this limit.
To analyze these constraints, assume rst that T D > 1 GeV as is required if the LSP is stable, and recall that this implies M < 10 12 GeV, from Eq. (19) . In Eq. (40), the round brackets in the second line are all of order unity, so this equation shows that if parametric resonance is ineective the big bang moduli may be suciently diluted for M as low a s 1 0 9 GeV, though this requires all parameters to be pushed to the limit and a more reasonable estimate of the lower limit might b e 1 0 11 GeV. On the other hand, if parametric resonance is as ecient as was suggested in [38] then Eq. (41) shows that it is impossible to suciently dilute the big bang moduli. Now assume only that T D > 10 MeV, as required by nucleosynthesis, which implies M < 10 14 GeV. Then Eq. (41) shows that even with parametric resonance as ecient a s w as suggested in [38] it is possible to solve the moduli problem, with no signicant constraint required on M.
Now consider the moduli produced after thermal ination. From Eq. (25), the minimum of the potential during thermal ination is displaced from its true 14 GeV as required by n ucleosynthesis. Again one sees that neither equation imposes a serious constraint. We conclude that the moduli produced after thermal ination are probably cosmologically harmless, so that the only serious constraints are the ones we established earlier from the big bang moduli.
Moduli will be produced in the aton's decay with abundance n s ! n s (45) Since the aton energy density i s mn and we are assuming that it all thermalizes, n =s is of order T D =m and therefore n s 
which is probably suciently small. There is also the possibility that gravitinos, moduli and modulinos might b e created thermally after thermal ination through parametric resonance. Gravitinos, for which the most detailed calculations exist, appear to be created in a cosmologically safe abundance as the bound [47] T R < 10 9 GeV is automatically satised (though a tighter bound T R < 10 5 GeV has been claimed [48] ), and a similar result presumably holds for moduli and modulini since in all cases the interaction with other particles is of gravitational strength.
Double Thermal Ination
So far we assumed that only one aton eld gives thermal ination, or in other words that only one aton eld has a thermal mass-squared which traps it at the origin in the early Universe. If two or more aton elds are trapped the situation is in general much more complicated, but is simplies considerably if the elds do not interact signicantly. W e treat this simple situation now, leaving the case of interacting elds to future publications [9, 10] . Thus we consider two aton elds 1 i . The critical temperatures at which the elds roll away from zero are T Ci , and we take T C1 > T C2 . When the temperature drops below T C1 , 1 will roll away from zero. Then if parametric resonance restores the temperature, 2 remains trapped at zero and we get a second epoch of thermal ination driven by the potential V = V 2 m 2 2 j 2 j 2 + : : : (48) (If parametric resonance is ineective the second eld will roll away promptly and the situation is not signicantly dierent from single thermal ination.)
The residual atons left after parametric resonance from the rst epoch o f thermal ination may be troublesome if they do not decay before nucleosynthesis. 16 GeV parametric resonance will probably not occur, in which case double thermal ination will not occur either. This completely rules out a modulus with vev M M Pl as a candidate for the rst of two independent bouts of thermal ination, and it probably does the same for a aton which is a GUT Higgs.
This conrms that the preferred option for such atons is the one that we have been assuming all along, namely that they begin to oscillate before thermal ination at the epoch H 10 2 to 10 3 GeV.
Henceforth we will assume that M 1 is suciently small to allow 1 to decay before nucleosynthesis, which allows us to take M 2 small enough to have a comfortably high nal reheat temperature. We see that two independent bouts of thermal ination can solve the moduli problem for a wide range of the vevs, even if parametric resonance is extremely ecient.
Topological defects
We end this paper with a brief discussion of the cosmological production of topological defects, namely walls, strings, monopoles and textures.
Each t ype of topological defect is associated with a scalar eld (in general multi-component) with nonzero vev. Among several possibilities, we consider here only two cases. The rst is that the vev belongs to a GUT higgs potential, and that it has the non-at form usually considered. The second is that the vev belongs to a at potential.
For a GUT higgs with the standard non-at potential the temperature after ination is never high enough for the defects to form by the usual Kibble mechanism [30, 31] . (We are not of course concerned with any defects forming before ordinary ination since they have been diluted away.) They can only form near or at the end of ordinary ination, and even that requires that the bound Eq. (22) on the inationary potential is saturated [24] .
Consider rst monopoles, using the standard results [30] . The abundance of monopoles, after some initial annihilation, settles down soon after the GUT transition to a value n=s 10 10 . The strongest bound on their present abundance comes from baryon decay catalysis in neutron stars, which requires n=s < 10 37 .
Thus the entropy m ust increase by a factor 10 27 between the end of ordinary ination and the present. If reheating after ordinary ination is prompt, the factor is the one arising from thermal ination. We see from Eq. (38) that a single bout of thermal ination is probably insucient, but two bouts could be enough. Alternatively, if reheating after ordinary ination is long delayed this gives an additional increase ord 10 16 GeV=T R , which could be enough to make just one bout of thermal ination viable.
Depending on the GUT symmetry, gauge strings might also be produced, which w ould be cosmologically signicant perhaps providing candidates for the origin of large scale structure. On cosmological scales their evolution is not affected by thermal ination because their spacing is outside the horizon during that epoch. (This is just the statement that there are much less than 50 e-folds of thermal ination.) The same applies to other defect networks formed before thermal ination (global domain walls, monopoles, strings or textures).
Consider now defects associated with a at potential. They form if at all at the end of thermal ination. Consider rst the case of Z n symmetry (Sections 2.1 and 2.3). A discrete symmetry used to be regarded as problematical for cosmology, because when it is spontaneously broken it seems to lead to cosmologically forbidden domain walls. However, if the symmetry is also explicitly broken, as will typically be the case for the aton potential, there need be no problem because walls do not necessarily form and if they do form they do not necessarily survive (because the vacua on either side of a wall may h a v e dierent energy density). If, on the other hand, it is exact it will probably be a discrete gauge symmetry which again avoids the domain wall problem because there is only one physical vacuum.
If there is a global U(1) symmetry, strings can form at the end of thermal ination with the strings later joined by w alls if the symmetry is approximate. An example of this might b e P eccei-Quinn symmetry [9] . Local strings forming at the end of thermal ination would have too little energy to be cosmologically signicant. Finally, if the aton eld giving rise to thermal ination has two o r more components as in Section 3.5 then monopoles or textures might form at the end of thermal ination but we h a v e not considered this case.
Summary and Conclusion
Flatons are scalar elds with masses m of order 10 2 to 10 3 GeV and vacuum expectation values M m. They arise naturally in supersymmetric theories and indeed it is not unreasonable to suppose that they are the only source of vevs in this range (in the observable sector). Flatons with M > 10 14 GeV are cosmologically dangerous, and in particular moduli with M M Pl are overproduced by twenty orders of magnitude in the standard cosmology, which is the well-known Polonyi/moduli problem. In this paper we h a v e explained how the problem may be solved by atons with smaller vevs, in the range 10 9 GeV < M < 10 13 GeV that is theoretically very natural for atons other than moduli.
Such atons solve the moduli problem by generating an era of thermal ination. Thermal ination occurs when the aton is held at zero by thermal eects, and it typically lasts for about 10 e-folds and occurs at a very low energy scale. These properties are precisely what is required to suciently dilute the moduli produced before thermal ination without aecting the density perturbation produced during ordinary ination (10 e-folds), while not regenerating them again afterwards (low energy scale). Detailed calculations show that a single epoch of thermal ination driven by a aton whose vev is within one or two orders of magnitude of 10 12 GeV can solve the moduli problem, though the constraints are quite tight. In particular, if parametric resonance is as ecient as some authors have claimed, a single epoch of thermal ination has diculties solving the Polonyi/moduli problem, probably requiring R parity violation to avoid an over-production of LSP's. However, the rapid partial reheating generated by parametric resonance can naturally lead to double thermal ination, the two epochs of thermal ination being driven by dierent atons. Double thermal ination can comfortably solve the Polonyi/moduli problem, the preferred ranges of the parameters being roughly 10 10 GeV < M 1 < 10 13 GeV and 10 9 GeV < M 2 < 10 11 GeV, where M i is the vev of the aton driving the ith epoch of thermal ination.
It is easier for thermal ination to rescue atons with vev's M > 10 14 GeV (in particular, moduli with M M Pl ) if the latter do not themselves give rise to thermal ination. Remarkably, segregation of atons into a class which thermally inate and have small vevs, and a class which do not and have large vevs is exactly what one expects from a theoretical viewpoint. The larger the vev of a aton, the less likely it is to be trapped at the origin in the early Universe, because the nite temperature contribution to the eective potential becomes ineective a t eld values bigger than the temperature.
As successful thermal ination suciently dilutes any pre-existing moduli it will also dilute any pre-existing baryon number to negligible amounts. However there are numerous possibilities for baryogenesis within the context of thermal ination, as will be discussed in detail in a forthcoming paper [10] . One especially promising mechanism is to associate one epoch of thermal ination with a aton which generates the mass of a right-handed neutrino. A lepton asymmetry can then be generated after thermal ination which w ould then be transformed into a baryon asymmetry by non-perturbative electro-weak eects [49] . (Note that the temperature will be high enough for such eects to operate because parametric resonance leads to rapid partial reheating.) Thermal ination will also aect the cosmology of the axion and its supersymmetric partners as will be discussed in a second paper [9] .
